NORM INEQUALITIES IN A CLASS OF FUNCTION SPACES 
INCLUDING WEIGHTED MORREY SPACES 



JUSTIN FEUTO 



Abstract. We prove that Calderon-Zygmund operators, Marcinkiewicz 
operators, maximal operators associated to Bochner-Riesz operators, oper- 
ators with rough kernel as well as commutators associated to these oper- 
ators which are known to be bounded on weighted Morrey spaces under 
appropriate conditions, are bounded on a wide family of function spaces. 



1. Introduction 

In the last 10 years, many authors have been interested in norm inequah- 
ties involving classical and non-classical operators in the setting of weighted 
Morrey spaces. The n-dimensional Euclidean space M" being equipped with 
the Euclidean norm |-| and the Lebesgue measure dx, we call weight in M" any 
positive measurable function w which is locally integrable on M". Let w be a 
weight on M", 1 < g < oo and < /t < 1. The weighted Morrey space L^'^(M") 
consists of measurable functions / such that < oo, where 



;i.l) 11/11^,. := sup — — / \f{x)\'^w{x)dx 



B 



w{BY 



B 



These spaces which can be viewed as extensions of weighted Lebesgue space 
L^(]R"'), that is the spaces of Lebesgue measurable function / such that 



\f{x)\''w{x)dx < oo, 



were first defined by Komori and Shirai in [13]. They generalize classical 
Morrey spaces L'^'^iW^), obtained by taking w = 1 in (11.11) and A = n(l — k). 

For fixed 1 < g < a and 1 <p < oo, Fofana introduced in 1992 a family of 
spaces denoted (L'',^^)", which can be seen as intermediate spaces between 
the Lebesgue space L°(R") and the Morrey space L^''*'(M") with A = — . More 
precisely let (L'^,Lp)(M") denote the Wiener amalgam space of L'^{W^) and 
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LP(M"), i.e., the space consisting of measurable functions / : M" — > C which 
are locally in L'^{W^) and such that the function y i— > belongs to 

L^(M"'). Here, B{y,r) = {x G M"/ \x — y\ < r} is the open ball centered at 
y with radius r, XB(y,r) its characteristic function. Equipped with the norm 
defined by 



9.P 




B{y,l) 



with the usual modification when p = oo, is a Banach space. We refer the 
reader to the survey paper of Fournier and Steward [llj for more information 
about these spaces. It is easy to see that {'5r/}r>o {L'^, Lp)(R"') whenever 
/ G (L"^, LP)(]R"), with 5"f{x) = raf{rx)^ but the family is not bounded. In 
fact, for r > and a > 0, we have 

,^2) \\^rf\\,,r. = {LA\fXB(y,r)\\ldyy 

r/ 111 
= [/an [\B{y,r)\^-^-p \\fXB{y,r)\\q) dyy , 

where \B{y,r) \ stands for the Lebesgue measure of B{y,r) for I < q,p, a < oo. 
This brings Fofana to consider the subspaces (L^, Lp)"(M") of (L^, Lp){W) that 
consist in measurable functions / such that 11/11^^^ < oo, 



q,p,a 



SUp||5"/||g,p^ 



r>0 



Taking into consideration Relation (11. 2p . we generalized these spaces in the 
context of space of homogeneous type in the sense of Coifman and Weiss (see 

i)- 

It is proved in [10] that (L"^, Lp)"(M") spaces are nontrivial if and only if 
q <a <p. In this case (see 0) we have (L«, Lpi)"(M") C (L?, LP2)"(M") for 
« < Pi < P2- In fact, we have the following continuous injections 



(1.3) L"(M") (L^LP^)"(M") ^ (L'?,L*'2)"(M") ^ L'^''^{W), 

When g<Q;<]9<cxD, we can replace the Lebesgue space L"(]R") in (II. 3p 
with the weak Lebesgue space L"'°°(M."'), and the inclusion is strict pi]| I9j. 

We recall that a measurable function / belongs to the weak-Lebesgue space 
L"'°°(M") if 

^:=supA^|{xGM": |/(x)| > A}| <oo. 

A>0 



Hereafter we propose the following abbreviation A < B for the inequalities A < CB, 
where C is a positive constant independent of the main parameters. If we have A < B and 
B < A then we put A = B. 
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Let -u; be a weight on K" and 1 < a < oo. We define the space (L^, Lp)"(]R") 
as the space of all measurable functions / satisfying ||/||q^pc, < oo, where for 
r > 0, we put 



;i-4) 



qw,P,a 



J (w{B{y,r)y- ^ \\fXB{y,r)\\gy dy 



with w{B{y, r)) — J^^^ w{x)dx and the usual modification when p — oo, and 



-r>0 



When -u; = 1, we recover the space (L'^, while for g < « and p = oo, 

the space (L^, L°°)"(M") is noting but the weighted Morrey space L^'*(M"), 
with K — - — -. 

q a 

We prove in this paper that Calderon-Zygmund operators, Marcinkiewicz 
operators, maximal operators associated to Bochncr-Riesz operators, operators 
with rough kernel and the commutators associated to these operators which are 
known to be bounded on weighted Morrey spaces under appropriate conditions, 
are also bounded on this weighted version of (L'^, L^')"(]R") spaces, under the 
same conditions. Since our space at least for the case where the weight is 
equal to 1, are included in Morrey spaces, we already know that the image is 
in the space of Morrey. But what is shown is that if one has a slightly stronger 
assumption, then this is also true for the image. 

This paper is organized as follows. 

In the next section, we recall the definitions of the operators we are going to 
deal with, and the existing results in weighted Lebesgue and Morrey spaces. 
Section 3 is devoted to the statement of our results and the last section to 
their proofs. 

Throughout the paper, the letter C is used for non-negative constant in- 
dependent of the relevant variables that may change from one occurrence to 
another. For A > and a ball B C M", we write \B for the ball with same cen- 
ter as B and with radius A times radius of B. We denote by E'-'' the complement 
of E. 

Acknowledgement. The author thank Aline Bonami for her carefully 
reading and revision of the manuscript. 

2. Definitions and known results 

A weight w on M" is of class for 1 < g < oo if there exists a constant 
C > such that for all balls 5 C we have 

(2.1) I (^/b^(^)'^^) (^/s^^(^)'^^)' if 

I 1^ — C'essinf^gB w(x) if g = 1- 
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where and in what follows ^ + ^ = 1. We put Aoo = l-iq>iA, 
Let T be a Calderon-Zygmund operator given by 

T/(x) = p.v / K{x - y)f{y)dy. 



Here K is of class C 



\ {0}) and 



\K{x)\ < % and \VK{x)\ < x + 0. 



\x\ 



\x 



The operator T is bounded on the weighted Lebesgue spaces whenever 
1 < g < oo and w G whereas for g = 1 and w G we have the following 
weak type inequality 



(2.2) 



r/ii 



supAw({a; G M" : |T/(x)| > A} < 

A>0 ~ 



These results can be found in [HlIIS]- In [SI, Komori and Shirai extend them 
to weighted Morrey spaces . 

Theorem 2.1 (Theorem 3.3 [T3]). //l<g<cx), 0<k<1 andw G Aq, then 
T is bounded on L'^^^ . 

Ifq = l,0<K,<l and w G Ai, then we have 

In the case n > 2, we denote by S"^^ the unit sphere in MJ^ equipped with 
the normalized Lebesgue measure da. For any Q G L^(S"~^) with 1 < ^ < oo, 
homogeneous of degree zero and such that 

n{x')da{x') = 0, 

where x' = x/ \x\ for any x 7^ 0, we define the homogeneous singular integral 
operator Tq by 



Tnfix) 



p.v 



^Tl^f{x -y)dy, 

\y\ 



and the Marcinkiewicz integral of higher dimension fiQ by 

/ 



V 



—fi.y)dy 



x—y\<t 



\x - y\ 



dt 



J 



Duoandikoetxea in [6] proved that for Q G L^(S"~^) and 1 < 6* < 00, if 
9' < q < 00 and w G Aq/g' then the operator is bounded on L^(M"). One 
has the following in the weighted Morrey spaces. 
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Theorem 2.2 (Theorem 2 Assume that n e with 1 < 6* < oo. 

Then for every 9' < q < oc, w E Aq/e' and < k < 1, there exists C > 
independent of f such that 

\\Tnfh..<C\\f\\,... 

As far as Marcinkiewicz operators are concerned, it is proved in [3] that if 
f2 G L^(§"^-'^) and 1 < 6^ < oo, then for every 9' < q < oo and w G Ag/e', there 
exists C > such that 

(2-3) \M\g^<C\\fl^. 

The corresponding resuh in weighted Morrey spaces is stated as follows 

Theorem 2.3 (Theorem 4 [I9]). Assume that n e L^(§""^) with 1 <9 <oo. 
Then for every 9' < q < oo, w E Aq/o' and < k < 1, there exists C > 
independent of f such that 

ll^n/ILr <c'||/|L,,.. 

We also define the Bochner-Riesz operators of order 5 > in terms of Fourier 
transforms by 




where / denote the Fourier transform of /. This operators can be expressed 
as convolution operators 

(2.4) T|/(x) = (/*</.i/«)(x), 

where 0(x) = [(1 — H^)+na;). The associate maximal operator is defined by 

T!fix) = snp\T'jix)\. 

R>0 

Let n > 2. For 1 < g < oo and w E Ag, Shi and Sun showed in p£j that 
j,{n i)/2 ]3Qun(jg(j Qn _ jn the limit case g = 1 we have in [17] a weak type 
inequality when w G Ai, i.e., 



(2.5) 



rjn{n-l)/2 J. 



< 



Putting together (12.51) and the fact that for a fixed R> 

Tt'^/'f{x) = {<P*fn)i/Rix), 

this implies (see [18]) that the weak- type inequality (12.51) is satisfied for any 
R>0. 



Theorem 2.4 (Theorem 1 [IS]). Let S = {n - l)/2, 1 < q < oo, < k < 1 

ists C > such 

T!{f)\\,...<C 



and w E Ag. Then there exists C > such that 
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For the operators Tj,, we have the following in the context of Morrey spaces. 

Theorem 2.5 (Theorem 2 [H]). Let 5 = {n - I) /2, q = I, Q < k < I and 

w Ai. Then for any given R> 0, 

snp wiB)-^\\T^fXB\\l^^ < ||/||,.«. 

B: ball 

We also have some results about commutators generated by those operators. 
We recall that for a linear operator T and a locally integrable function b, 
the commutator operator is defined by 

[b,r]f{x)=b{x)Tf{x)-T{bf){x). 

In [12], it is proved that for the Calderon-Zygmund operator T and b G 
BMO{'R"'), i.e., the space consisting of locally integrable functions satisfying 
II^IIbmo < where 

\\Hbmo-= sup ^ / \b{x)-bB\dx, 

B: ball \-D\ J 
B 

with bB = J^b{z)dz, the commutators [b,T] are bounded in the weighted 
Lebesgue space whenever 1 < g < oo and w E Aq. More precisely, there 
exists C > such that 

II[^^]/II,.<c||&IIbmoII/1„' 

for all / G L^(M"). For the weighted Morrey spaces we have 

Theorem 2.6 (Theorem 3.4 [H]). Let b E BMO and T be a Calderon- 
Zygmund operator. If l<q<oo,0<n<l and w E Aq then [b, T] is 
bounded on /.^"(M"). 

For b E BMO, the boundedness of [6,To] on Ll{W) when n E L%S'^-^), 
l<9<oo, 9'<q<oo and w E Aq/e' and the one of [6, T|] on L^(M") for 
1 < g < oo and w E Aq are just consequences of the well-known boundedness 
criterion for commutators of linear operators obtained by Alvarez et al in [T] . 
In the case of weighted Morrey, the following are proved. 

Theorem 2.7 (Theorem 3 ^9\). Assume that n E L%E'^-^) with 1 < 9 < oo 
and b E BMO. Then for every 9' < q < oo, w E Aq/g' and < k < 1, the 
commutator [b,T^] is bounded on ^^''(M"). 

Theorem 2.8 (Theorem 3 [IH]). Let S > (n-l) /2, 1 < q < oo, < k < 1 and 
w E Aq. If b E BMO then for every R> 0, the operator [b,T^ is bounded 
on L5;'^(M"). 
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We define the commutators of Marcinkiewicz operators fin and a locally 
integrable function b by 



[b, /in] if)ix) 



^^"^ -^[b{x)-biy)]f{y)dy 



\x 



x—y\<t 



dt 



\ 



I 



Notice that = fin\{b{x) - b)f]{x). For n G L^S""-^), 1 < 6 < oo, 

the boundedness of [b,fin] on when b G BMO, 9' < q < oo and w G ^^/e' 
was established in [3] . For weighted Morrey, Wang proved 

Theorem 2.9 (Theorem 5 [I9]). Assume that n G L^(§"~i) wt/i 1 < 61 < oo 
and b G BMO. Then for every 9' < q < oo, w G Ag/e' and < k, < 1, the 
operator [b,fiu] is bounded on L^'^(R"). 



3. Statement of the main results 

We can replace in Relation fll.4p the weighted Lebesgue norm by its 

weak version. That is, we put for r > 

1 

V 



and 

(3.1) II/II(l9'°°,Lp)« •= sup r ||/||(2,9.°°^ip)c« • 

r>0 

We denote (i^^°°, L^)"(M") the space consisting of measurable functions / such 
that ||/||(i9,oo < oo. Our first result is the boundedness of Calderon- 
Zygmund operators. 

Theorem 3.1. //l<g<a;<p<oo and w ^ Aq, then the C alder on- 
Zygmund operator T is bounded on (L^, Lp)"(M'^). 
If q = 1 and w E Ai, then we have 

11^/11 (LL-°°, LP)- < \\f\\q^„p,a- 

Remark that this result contains Theorem 12.11 as particular case, while the 
next result giving the boundedness of the integral operator with a rough kernel 
Q is an extension of Theorem 12.21 

Theorem 3.2. Let n G L^(§"-^) with 1 < 9 < oo. Then for 9' < q < a < 
p < oo and w G Ag/e/, the operator Tq is bounded on (L^, Lp)"(]R"). 

For Marcinkiewicz operators, we have the following extension of Theorem 



w{B{y,r))^ 9 P \\fXB{y,r)\ 



dy 
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Theorem 3.3. Let Q e with 1 < 9 < oo. Then for 9' < q < a < p < oo 

and w G Aq/e', the operator /i^ is bounded on (L^, L^)"(R'^). 

For Bochner-Riesz operators and their associated maximal functions, we 
recapitulate in the following the extensions of Theorems 12.41 and 12. 5[ 

Theorem 3.4. Let l<q<a<p<oo and w & Aq. 

(1) lfq>land5 = ^, then is bounded on (L^, 

(2) Ifq = l and 6 = ^ then for any R> 0, 



For commutators, we extend Theorems 12. 6[ 12.71 12.81 and 12. 9[ and obtain the 
following results. 

Theorem 3.5. Le b E BMO and T be a C alder on- Zygmund operator. If 
1 < q < a < p < oo, and w E Aq then the operator [b, T] is bounded on 
(L^,Lf)"(M"). 

Theorem 3.6. Let n G 1%^""-^) with 1 < 9 < oo and b e BMO{W). For 
every 9'<q<a<p<oo and w G Aq/g', the commutator [b,T^] is bounded 
on (L^,LP)°(M"). 

Theorem 3.7. Let Q G with 1 < 9 < oo and b e BMOiW"). For 

every 9'<q<a<p<oo and w G Aq/e', the commutator [b,fin] is bounded 
on (L^,LP)"(M"). 

Theorem 3.8. Let l<q<a<p<oo and w & Aq. If 5 > and 

b G BMO then the linear commutators Tj,] are bounded on (L^, L'^)"(]R"). 

4. Proof of the main results 

We will need the following properties of Aq weights (see Proposition 9.1.5 
and Theorem 9.2.2 [12] )■ Let w & Aq for some 1 < g < oo. Then 

(1) For all A > 1 and all balls B, we have 
(4.1) w{XB) < y^'wiB). 

(2) There exists a positive constant 7 such that we have 





(4-2) TBi / ujity+^dt <T^ w{t)dt, for all balls B, 



and for any measurable subset E of a. ball B, we have 



(4.3) ^ < f ^ 



7 
1+7 
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Lemma 4.1. Let 1 < s < q < oo, w G Aq/s and T be a suhlinear operator. 
Assume that there exist < rj < oo such that T satisfies for any hall B in R"' 

(4.4) r(/x(2i.)0W < E(1 + ^A;) j \f{z)\'dz\ a.e.onB. 

(1) If q > 1 and T is bounded on L^(]R"), then for q < a < p < oo, T is 
hounded on (L^, Lp)°(M"). 

(2) If there exist C > such that for all X > 

(4.5) w{{x e M" : \Tf{x)\ > M <j j Um^Wv, 

then fori <a<p<oo,ris hounded from {L^, Lp)"(M") to {L]f^, Lp)°(M"). 
For the proof we use arguments as in [7]. 
Proof. Let l<q<a<p< oo. Fix y G M" and r > 0. Write 

f[x) = f {x)xB{y, 2r){x) + f {x)X(B(y,2r))- i^) 

The L^-boundedness of T, (EH]) and dO]) led to 

\\'^fXB{y,r)\\ < \\fXB{y,2r)\, 

(4.6) 

\-^oo . r \ II ^ II / w{B(y,r)) \ i 



Hence, multiplying both sides of (14. 6p by w{B)"^^^p we obtain 

111 °° 1 + rjk 111 

w{B{y,r))~—^'p \\rfxB{y,r)\\g < Yl kr.fi_i. 'u^iB{y,2''+^r))~—^-p \\fXB{y,2^+W)\ 

for all ?/ G M" and a fixed positive real number r, according to Relations (14.11) 
and (14.31) . The norm of the above estimation gives 

^ 1 I T^hj 

r ll'^/llqu,,p,a ~ + knfl__i) ) ll/llg™,p,a , ^ > 0. 

k=l 2^^^^ ''^ 

Taking the supremum over all r > 0, we obtain the expected result, since the 
series Xlfcli Al'x'lu converges. 

As for the case g = 1, the proof is the same except for using Estimation 
(14. 5 p instead of the boundedness on L^, Relation (14. 4p corresponding to g = 1 
and w E Ai. This completes the proof. □ 

The same arguments are used in |4j (see also [2]), to prove norm inequalities 
involving Riesz potentials and integral operators satisfying the hypothesis of 
Theorem 2.1 of |7j in the context of (L'', L^)°(]R") spaces. 

An immediate application of the above lemma is the following weighted 
version of Theorem 2.1 in [7|. 
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Proposition 4.2. Let 1 < q < a < p < oo. Assume that T is a suhlinear 
operator satisfying the property that for any f G L^(M") with compact support 
and X ^ supp/ 

(47) i^^.^M ^ f \fiy)\ 



(1) If for q> 1 and w G Aq the operator T is hounded on L^(R") then it 
is also hounded on (L^, L^')"(]R"). 

(2) If for w & Ai we have the weak type estimate 

Iir/IIL. < 



oo WJ \\\-u} 



l(Li;°°,Lp)« ~ 



then we have 

f\\(T±^ .LV')'^ rZ ll^lll„,p,Q' 

Proof. Let r) be a ball in W^. Notice that for x, z G M", we have 
(4.8) X G B{y, r) and z ^ B{y, 2r) ^ \y - z\ < 2\z - x\ < ?>\y - z\ . 
Thus for X G B{y,r), we have 



\T{fX{B{y,2r)r){x)\ 



< 



< 



n>r}. — J-f^i.^ii 



E 



; |i3(!/,2'-+ir)| 



2fcr<|y~2|<2''+lr 

1/(^)1 dz. 



B{j/,2'=+ir)\_B(y,2'=r) 



The conclusion follows from Lemma 14.11 □ 

The Proof of Theorem 13.11 is straightforward from Proposition 14.21 
For Theorems 13. 2^ 13.31 and 13. 4[ we prove that Hypothesis fl4.4p of Lemma 
14. II is fulfilled to conclude. 



Proof of Theorem\3M Let B = B{y, r) be a ball of W. For a; G we have 



|Tn(/X(2B)0(x)| <f; j 



n{{x - zYfdz 



k+iB\2'=B 



J 



( 



\2'»+i_B\2*B 



\X — Z\ 



dy 



J 

by Holder Inequality. From (14. Sp . it comes that for x G -B and z G 2^^^B\2^B., 
we have 2^^^r < \x — z\ < 2^^'^r. Thus, for x G B{y,r) and any positive 
integer k, we have 

/ 

(4.9) 



n{{x-zyfdz 



^ ll"llLe(§"-i) r -"I ' 
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and 



(4.10) 



\x — z\ 



nfdy 



< 



J 



\^k + lB\2kB 

Therefore, for any ball 5 in M", we have 



\fiz)f dz 



|r^(/x(2B)0(^)| < / \fiz)fdz 



for all a; G -B. Which ends the proof. □ 



Proof of Theorem \3.3l Put g = fX{2BY "where is a ball in M". For x G B 
and t > we have 

(4.11) {z:\x-z\<t}n (2'=+i5 \ 2^=5) ^ ^ t > 2^=-^, 

for any positive integer k. So 

1 

2 



\f^ng{x)\ 



Q{x — z) 



\x — z\ 



< 



< 



\0 l^2B)'=n{z:\x-z\<t} 

\Q{x — z] 



k=l 



jf{z)dz 



\ 



dt 



\x — z\ 



-f{z)dz 



oo \ 2 

dt 



\n{x-z)\ 



£^|2fc+i5|V" J \x-z 



jf{z)dz, 



for all X & B. We end as in the proof of Theorem 13.21 □ 



Proof of Theorem \3.4\ As in the above proof, we put g = fx(2By, where B 
is any ball in W. Since for R > 0, T^{g){x) = \g * 4'i/r{x)\ with (p{x) = 
[(1 — H^)+]X^), we have 



\{g*^i/R){x)\<R'' 



{R\x-z\y 



-dz 



1/(^)1 



■dz. 



\x — z\ 



for X E B, where we use the fact that |</>(a;)| < 



{2BY 



1 



for 5> The 



(i+l^l)" 



Assertions ([T]) and ^ follow from Proposition 14.21 □ 
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For the results involving commutators, we need the following properties of 
BMO (see [I3]). For b e BMO, 1 < g < oo and w G ^oo we have 



(4.12) \\b\\BMO = sup I / \b{x)-bB\'dx 

B: ball 




and for all balls B 



(4.13) I ^/ m ~ bn\' wix)dx \ < 

B 

Let b G BMO and B a ball in M". For all nonnegative integers k, we have 

(4.14) |&2^+ib-&b| < (A: + l)||&L,,o- 

Also, in almost all the proof, we use the following result which is just an 
application of Holder Inequality, the properties of Ag weights and Estimation 
(I4.13p . The proof is omitted. 

Lemma 4.3. Let 1 < s < q < oo. For b G BMO and w G Ag/s, we have 
\b{z) - b,B\' \f{z)r dz < \\b\\^,,o \2B\'s w{2B)-l \\fx2Bl^ 

\^B\B / 

for all balls B and f e i^Ll^")- 

Theorems 13. 5[ 13.61 13.71 and 13.81 are immediate from the following weighted 
version of Theorem 2.2 in [7J. 

Proposition 4.4. Let l<6<q<a<p<oo and w G Ag/e. Assume T is 
a sublinear operator which fulfilled conditions i4.4\) with s = 9 and admitted a 
commutator with any locally integrable function b, satisfying 

(4.15) [b,T]{f){x)=Tmx)-b)f]{x). 

If [b,T] IS bounded on Ll{W), then [6,T] is also bounded on (L^, Lp)°(M"). 

Proof. Fix a ball B = B{y, r) in M". We have for all x G B{y, r) 

\[b,T]{f){x)\ < |[6,T](/x2B)(a;)| + |6(a;)-6B||T(/x(2ij)0(x)| + |T[(6^-6)/X(2ij)c](a;) 
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Thus by the L^-boundedness of [b,T], fl4.4p and f l4.13p . we have 

w{B) 



1 c 



\bB-b{z)f\f{z)fdz 



But then it comes from (14. 141) and Lemma 14.31 that 

1 

/\ e , , , ,1 

lbs - biz)f \fiz)f dz] <k \\b\\^,,o ' , , ' 1 llfe+^B||,„ . 

Hence, we have 
(4.16) 

\\[b,T] fXBiy,r)\\g^ < \\ fXB{y, 2r)\\g^^ 



a q p 



for all 1/ G M". Therefore, multiplying both sides of fl4.16p by w{B{y, r)) 
Estimates (14. ip and (14. 3 p and the L^-norm allow to obtain 

(4.17) 

fc=i 2 - 

for some positive constant r and all r > 0. We end the proof by taking the 
supremum over all r > 0. □ 
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